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Back to RCEs
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Fractional Derivative of a periodic function
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The shift property for the 
derivative of sine carries 
over to fractional 
derivatives
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For SAOS

Thus, one has a viscoelastic response from fractional RCE in 
small amplitude oscillatory shear tests



Fractional mechanical element 

Fractional element is 
specified by the triplet
( , , )Eβ λ

- represented via hierarchical 
arrangements: trees, 
ladders, fractals
- more complex RCE’s from 
combinations of fractional 
elements
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Hierarchical analogue to Fractional equations

Schiessel, H. and A. Blumen (1993). "Hierarchical analogues to fractional relaxation equations." 
Journal of Physics A: Mathematical and General 26: 5057-5069.

Mechanical arrangment to 
simulate FE
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Solution by Fourier transform

Schiessel, H. and A. Blumen (1993). "Hierarchical analogues to fractional relaxation equations." 
Journal of Physics A: Mathematical and General 26: 5057-5069.
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Relation between RCE and mechanical model

Exact sum of a binomial series
1 |( ,1) | 1xx x γ γ− <+ ∈

0 0 0

1 0 0

1 1 0

(
/

/ )
1·(0
1

)/
1.2

E
cE

c

c

E

η
η γ

γη

=
+

−

=

=

1
* 0 0

0 ( ) 1 1c c n
i i

E G
γ

ω
ω ω

−
 =  
 

+ + →∞
simplifies 
as

for small       ie, ω 1/
0 1c γω δ δ< 

*
0 0 0

( )) ( / )
( )

( E c iE G γε ωω ω
σ ω

= =




0 0 0 0( ) ( / ) ( ) ( ) ( )E i E E iγ γσ ω ωη ε ω ωλ ε ω= = 

0
( )( ) d tt E

dt

γ
γ

γ

εσ λ=

IFT
Within certain limits, 
hierarchical  mechanical model 
reproduces fractional RCE! 
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Example: Response of gels to shear 

Schiessel, H. and A. Blumen (1995). "Mesoscopic Pictures of the Sol-Gel Transition: 
Ladder Models and Fractal Networks." Macromolecules 28(11): 4013-4019.

- Leaf springs and inelastic blocks

a) pre-gel: finite clusters, terminate 
ladder with inelastic block

b) critical gel, infinite network

c) post gel: more crosslinks, 
terminate with leaf springs 

η=E=1, n=1000. numerically computed β =1/2 for critical gel. Can modify E, η to tune β 
<1/2 pre gel and β >1/2 post gel. β represents structural parameter (connectivity)
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Fractal Tree Representation of FE

Heymans, N. and J. C. Bauwens (1994). "Fractal rheological models and fractional 
differential equations for viscoelastic behavior." Rheologica Acta 33(3): 210-219.
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Connectivity of mechanical networks

jrnodes in the networks -

each    connected to neighboring     by equal spring (E)ir jr

node linked to planar ground with site-dependent viscosity                   where          is the 
coordination number  
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Heymans, N. and J. C. Bauwens (1994). "Fractal rheological models and fractional differential equations for 
viscoelastic behavior." Rheologica Acta 33(3): 210-219.

At large times
Tauberian theorems
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Fractional Maxwell & Kelvin-Voigt
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Material Functions of FMM and FKVM

Table from Friedrich et al. (1999)

Generalized Mittag-Lefler 
function of argument (z)
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-FMM and FKVM : two power law regions intersecting at t=λ

- For G(t) of FMM has flat decrease of slope (-β) followed by faster decrease (-α) 

- For G(t) of FKVM, fast decrease followed by flat decrease 12



FMM and FKVM

- polyisobutylene: FKVM unable to fit                    in glassy and transitional zones

- modified polybutadiene’s terminal relaxation zone described by FMM

- 4 fitting parameters?

 and GG′ ′′

Images from Friedrich et al. (1999)
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3 element models

The FMM and FKVM cannot describe ‘S’ shaped transitions in G(t)

3-Fractional Element models: the Fractional Zerner Model (FZM) and the Fractional 
Poynting-Thompson Model (FPTM)
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λ 1 , E0 are parameter groupings
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